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A general model has been developed for pressure-swing and volume-swing fre-
quency response methods with analytical solutions derived to analyze various mass
transfer resistances in biporous adsorbents. The model can consider a combination of
distributed mass transfer resistances acting independently or in series including mac-
ropore diffusion, micropore diffusion, and a surface barrier resistance at the entrance
of micropores. Heat effects are included for nonisothermal systems. Temperature var-
iations are shown to be less for pressure-swing compared with volume-swing systems.
The general model is developed in such a way that information extracted from it is in-
dependent of whether a system is batch volume swing or flow-through pressure swing.
Simulation results demonstrate that mass transfer mechanisms can be easily discrimi-
nated by the master curves. Isothermal models exhibit one-step curves, whereas non-
isothermal effects are represented by two-step curves. Examples are given to demon-
strate the use of the master curves to describe experimental data. VVC 2010 American
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Keywords: adsorption/gas, diffusion (microporous), mass transfer, frequency response,
biporous material

Introduction

Knowledge of mass transfer rates is important for under-
standing transport phenomena inside porous adsorbents and
catalysts as well as for the design of adsorption and catalytic
processes. Mass transfer in materials can be a complex phe-
nomenon as it is strongly influenced by the structure of the
solid, the system, and the precise process conditions. One or
more mass transfer steps can be rate controlling, such as
pore diffusion, micropore diffusion (surface diffusion), or a
surface barrier resistance. Because of the complicated mass
transfer characteristics that can be encountered, the fre-
quency response (FR) method has been shown to be promis-

ing because of its ability to discriminate easily among differ-
ent rate-limiting mechanisms.1

The most common method used for estimating a mass
transfer resistance is a simple step test. The concentration in
a system is increased in a step and the response of particles
is measured gravimetrically, volumetrically, or chromato-
graphically. A particular mass transfer model is assumed,
and the system response is fitted to obtain a rate parameter.
This approach generally fails to identify in any rigorous way
the controlling mass transfer resistance. Heat effects are
often ignored, system nonlinearities caused by large steps
are not identified, and fit parameters typically are often of
little general significance.

When compared with common step methods, FR is a per-
turbation technique that is carried out around equilibrium.
Thus, it has less experimental error as the results are
obtained from periodic measurements and are not dependent
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on the initial, preperiodic state. Moreover, the frequency of
oscillations introduces an additional degree of freedom that
can be used to decouple individual steps occurring with
different characteristic relaxation times.

Most theoretical and experimental aspects of FR have
been studied for a batch system in which gas pressure is
changed by a forced periodic volume fluctuation.1–9 Yasuda
applied this volume-swing technique with an isothermal
model to study physical and chemical phenomena occurring
on zeolites, including adsorption,2,10 diffusion–controlled
processes,11–13 combinations of adsorption–diffusion proc-
esses,14 and reactions.15–18 Rees and coworkers8,9,19 used a
square-wave volume perturbation instead of the traditional
sinusoidal wave to investigate hydrocarbons adsorbed on sili-
cate adsorbents. Jordi and Do6,7 have developed thorough
theoretical models for both isothermal and nonisothermal
conditions to study volume perturbation in a batch system
and derived analytical solutions for the characteristic func-
tions for biporous materials. Sun and coworkers1,20–23 inves-
tigated heat effects theoretically and experimentally with a
volume frequency response method or a thermal frequency
response method. They found that the intrusion of heat
effects can also lead to a bimodal FR if the rate of heat trans-
fer is sufficiently slower than the mass diffusion. Bimodal
behavior has also been observed in biporous materials and
explained well by an isothermal macropore and micropore
diffusion model or two independent diffusion models.

In addition to the studies on batch systems, there have
been other applications in flow systems involving concentra-
tion variations.24–29 We have developed the flow-through
pressure-swing (PSFR) and concentration-swing frequency
response (CSFR) methods to study mass transfer rates for
both pure and mixed gases and vapors and have applied the
methods to carbon molecular sieve (CMS), silica gel, and
activated carbon materials.30–35 Mass transfer of pure N2 and
CH4 is mainly controlled by the surface barrier resistance at
the pore mouth of the CMS, whereas that for O2 is con-
trolled by both micropore diffusion and a barrier resistance,
and for CO2 is controlled solely by micropore diffusion.32,35

Mixtures of these components have been studied by both
PSFR and CSFR, and the main-term and cross-term diffusiv-
ities have been obtained for different concentrations with
mixture models.32,34 Mass–transfer rates of pure chloro-
ethane on activated carbon have been studied by both sys-
tems and the results are in good agreement. Furthermore,
heat effects have been shown to be often negligible for
CSFR but often apparent for PSFR because of operating con-
ditions. Axial dispersion has been considered and can be
easily recognized by the CSFR method.31

The classical linear FR method has been extended by Pet-
kovska et al.36–39 to the nonlinear case by applying the
mathematical tools of the Volterra series and the concept of
higher order frequency response functions. With the analysis
of the second-order frequency response functions, the non-
linear FR method enables discrimination of mass-transfer
mechanisms that have bimodal characteristic functions and
can be fitted well by several models from the linear volume
perturbation FR.37

In this research, we develop a general model to describe
distributed mass transfer resistances in bidisperse materials
for both the PSFR flow-through and VSFR batch systems.

This work expands upon and completes a previous model of
ours35 with consideration of resistances in both macropore
and micropore regions with or without a surface barrier re-
sistance. Additionally, theoretical studies are carried out for
comparison of distributed mass transfer resistances. Each
model can be represented by a distinctive master curve,
which is a function of the ratio of perturbation frequency to
system intrinsic mass-transfer rate. With this approach, the
characteristic curves are general, with a single curve describ-
ing all mass transfer rates for a given mechanism for both
PSFR and VSFR. The master curves can be easily converted
to families of curves with different mass transfer rates for
the same range of perturbation frequencies and compared
with experimental data to obtain kinetic information. Exam-
ples are given for both PSFR and VSFR systems to demon-
strate the ease of application.

It should be understood at the outset that the rate parame-
ters determined by frequency response methods are local
values because of the small perturbation involved. Thus, it
is possible to develop maps of rate parameter values by
varying the concentration and temperature about which the
perturbations are performed. This has been done previ-
ously4,8,20,22,31,35,40–45 and permits comparison with theoreti-
cal trends predicted by Maxwell-Stefan, Darken, Arrhenius,
and other models as well as molecular simulation.

Material and Energy Balances

Depending on the experimental setup, frequency response
methods can be divided into two categories: batch systems
and flow-through systems. Accordingly, the material and
energy balances are different for individual apparatuses. Here,
we consider only pure component studies and examine a typi-
cal case for each category, pressure-swing FR for the flow-
through system and volume-perturbation for the batch system.

Flow-through system

We consider a flow-through system containing an adsorp-
tion bed subjected to a periodic (typical sinusoidal) pressure
perturbation of frequency x and amplitude DP around the
equilibrium state. The flow-rate into the system is main-
tained constant, and the flow-rate out of the system responds
in the periodic state with the same frequency but a different
amplitude DF. The amplitude ratio (DF/DP) of the response
relative to the input can be used to extract mass transfer
rates from models. The perturbation in pressure is kept small
(\�5%) to ensure that the model equations are appropriately
linearized. Spherical geometry is assumed here for all of the
crystals and pellets, although the particle transfer functions
can be replaced by ones with other shape dependencies.

The system volume is modeled between a mass flow con-
troller and a mass-flow meter, as shown in Figure 1. For an
ideal gas phase, the material balance can be written

Ms

dn̂

dt
þ V

RT

dP

dt
¼ Fin � FoutðtÞ (1)

with46

n̂ ¼ ~nþ ðep=qpÞ~cp (2)
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where Ms is the mass of the adsorbent, n̂ is the total adsorbate
concentration in the adsorbent including the average adsorbed-
phase concentration ~n and the average pore fluid concentration
in the macropores ~cp, ep is the macropore porosity, qp is the
particle density, and V is the extraparticle volume of system.
Fin, the constant gas molar flowrate into the system, is set by
the mass-flow controller. Fout, the flow rate leaving through
the mass flow meter, is the response variable for pressure
perturbation. In writing Eq. 1, consistent with our systems and
pressure-swing adsorption processes,47,48 we have assumed
that changes in the molar density of the gas phase due to
temperature effects are small compared with those due to
pressure effects.

We define the following deviation variables to simplify
the material balance

n0 ¼ n� no (3)

P0 ¼ P� Po (4)

F0 ¼ Fout � Fin (5)

Substituting these into Eq. 1, taking the Laplace trans-
form, combining with the adsorbed-phase transfer function
GnðsÞ ¼ �̂n= �P, and simplifying gives the overall transfer func-
tion for the apparatus

GðsÞ ¼
�F
�P
¼ �s MsGnðsÞ þ V

RT

� �
(6)

By using the common change of variable, s ¼ jx, we
obtain the amplitude ratio divided by frequency from the
overall transfer function G

AR

x
¼ GðxÞ

x
¼ j �Fj

xj �Pj ¼ MsGnðsÞ þ V

RT

����
���� (7)

We typically do not use the phase lag of the transfer func-
tion in our analyses as we have found that the values do not
change as reliably as amplitude ratio in our experiments.35

However, the phase lag can easily be obtained from

/ðjxÞ ¼ tan�1 �Ms Re½GnðjxÞ� þ V=RT

Ms Im½GnðjxÞ�
� �

(8)

The energy balance is considered in a simple way by
adopting the model of Sward and LeVan.29 They assumed
that the bed temperature is uniform and the heat transfer re-
sistance is between the bed and tubing wall. An identical
mathematical model can be derived with different parameter
values for the case where the heat transfer resistance exists
between particles and fluid having the same temperature as
the tubing wall. The energy balance for the system is

Ms

dus
dt

þ V
dðcufÞ
dt

¼ Finhin � Fouthout � hA½TðtÞ � Twall� (9)

where the internal energy us for the stationary phase (solid and
adsorbate) is49

us ¼ us ref þ CsolðT � TrefÞ þ nua (10)

with ua � ha for the condensed phase. The enthalpy of the
adsorbed phase, ha, can be evaluated by49

ha ¼ hf þ k (11)

where the heat of adsorption k is taken to be negative. For the
gas phase, we have

hf ¼ href þ CpðT � TrefÞ (12)

uf ¼ hf � P=c (13)

To simplify the energy balance, we multiply Eq. 1 by href
and subtract it from Eq. 9 to obtain

Ms

dðus � nhrefÞ
dt

þ V
dðcuf � chrefÞ

dt

¼ Finðhin � hrefÞ � Foutðhout � hrefÞ � hA½TðtÞ � Twall� ð14Þ

The change in the energy content of the gas phase is neg-
ligible compared with the change in the stationary phase.
Thus, the term d(cuf � chref)/dt can be discarded. Substitut-
ing Eqs. 10 and 11 into Eq. 9 and linearizing, we obtain

Figure 1. Schematic diagram for PSFR apparatus.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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MsCs

dT0

dt
�Msk

dn0

dt
¼ �aT0ðtÞ (15)

where Cs ¼ Csol þ n0Cp and a ¼ FinCp þ hA. The energy
balance transfer function is29

GTðsÞ ¼
�T

�n
¼ Msks

MsCssþ a
(16)

Batch system

A schematic representation of the VSFR system is shown
in Figure 2, where system volume is perturbed periodically
around the equilibrium value V0, and the system pressure P
responds accordingly with a phase lag. Assuming an ideal
gas, the material balance is

Ms

dn̂

dt
þ dðcVÞ

dt
¼ 0 (17)

We use a similar approach as for PSFR to solve Eq. 17 in
the Laplace domain. The overall transfer function is

GðsÞ ¼
�V
�P
¼ � V0

P0

þMs

RT

P0

GnðsÞ
� �

(18)

which gives the amplitude ratio

AR ¼ GðwÞ ¼ j �Vj
j �Pj ¼

RT

P0

MsGn þ V0

RT

����
���� (19)

The phase lag is the same as Eq. 8 for PSFR systems.
Dividing both sides of Eq. 19 by RT/P0, we obtain

AR

RT=P0

¼ MsGn þ V0

RT

����
���� (20)

which has the same right hand side as Eq. 7. Thus, the
amplitude ratio curves from the flow-through PSFR and batch
VSFR systems are exactly the same once the amplitude ratio
curve is defined as j �F= �Pj=x for PSFR and j �V= �Pj=ðRT=P0Þ for
VSFR. The phase lag curves are also identical for both
systems, as given in Eq. 8. Thus, defined this way, the general
response curves are not dependent on the FR technique.

The energy balance for the volumetric perturbation
system is

Ms

dus
dt

þ dðcufVÞ
dt

¼ �P
dV

dt
� hA½TðtÞ � Twall� (21)

Using a similar procedure as for the flow-through system
with the change in the energy content of the gas phase
assumed to be much smaller than that of the stationary
phase, we obtain the linearized energy balance

MsCs

dT0

dt
�Msk

dn0

dt
¼ �hAT0 (22)

which is the same energy balance used in previous papers.20,50

The energy balance transfer function can be obtained as

GTðsÞ ¼
�T

�n
¼ Msks

MsCssþ a
(23)

where a ¼ hA.
When comparing the energy balance transfer functions for

the flow-through system (Eq. 16) and the batch system (Eq.
23), we find that these two equations are identical except
that the parameter a in the denominators is defined differ-
ently. Equation 16 for the flow-through systems has the extra
contribution FinCp. Thus, compared with a batch system,
temperature variations are smaller for a flow-through system
for similar experimental conditions.

In general, we find that both flow-through PSFR and batch
VSFR systems have the same form of amplitude ratio curves
from material balances and the same form of transfer func-
tions from the energy balances. Thus, the amplitude ratio
curves for both isothermal and nonisothermal cases would be
identical for both flow-through PSFR and batch VSFR sys-
tems and are dependent on the adsorbed-phase transfer func-
tion Gn, which can be derived from individual rate equa-
tions.

Previous analyses of VSFR follow Yasuda’s derivation of
in-phase and out-of-phase parts of the response function d,
which is based on a general adsorption-desorption rate equa-
tion and obeys the following equations2

ðvr=prÞ cos/� 1 ¼ Kv din (24)

ðvr=prÞ sin/ ¼ Kv dout (25)

where vr and pr are relative amplitudes of the volume and
pressure variations, / is the phase lag, and Kv is an equilibrium
constant related to the adsorption isotherm slope at the
equilibrium pressure of the FR experiment, i.e., Kv ¼ (MsRT/
V0)(dn/dP)0. From the experimental results on amplitude ratio
and phase lag, the in-phase and out-of-phase transfer functions
can be calculated and compared with theoretical values to give
the desired mass transfer rate information. Also, the relative
amplitude ratio can be easily obtained from in-phase and out-
of-phase functions in Eqs. 24 and 25 and is

jVrj
jPrj

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKvdin þ 1Þ2 þ ðKvdoutÞ2

q
(26)

Figure 2. Schematic diagram for VSFR apparatus.
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Rate Equations

The form of the adsorbed-phase transfer function Gn

depends on the controlling mass transfer resistances within
the particle. An idealized version of the structure of a bidis-
perse particle is shown in Figure 3. The particle has a radius
Rp and is composed of many spherical microporous domains
of radius rs in which adsorption occurs. Mass transfer in the
particles occurs (1) in the gas phase in the macropore space,
(2) across a pore mouth barrier (if present) at the entrance to
the micropore space, and (3) in the adsorbed phase in micro-
pores. To discriminate between the micropore and macropore
regions, R is used for the distance along the macropore
region and r for the distance along the micropore region.
The corresponding nondimensional variables are xp and x,
which are defined as xp ¼ R/Rp and x ¼ r/rs. For the isother-
mal case, we consider several different mass transfer models,
including the linear driving force (LDF), micropore diffu-
sion, micropore diffusion with surface barrier (such as exists
in a carbon molecular sieve), macropore diffusion, and
micro-macropore combined resistance with and without a
surface barrier resistance. Two nonisothermal cases for LDF
and micropore diffusion will be considered. Gn will be
derived in the following sections and substituted into the
transfer function G (Eq. 7 or 20) to give the amplitude ratio
for analysis of mass transfer mechanisms and rates.

For the pure component study, we consider the mechanism
of macropore diffusion to be mainly Knudsen diffusion, for
which the Knudsen number Kn, defined as the ratio of mean
free path to diameter of channel, is close to or much larger
than unity.51 At room temperature and atmospheric pressure,
the mean free path for nitrogen is 34 nm, which is the size
of a large mesopore. With decreasing pressure, the mean
free path increases.

Linear driving force

One of the simplest kinetic models is the linear driving
force,52 for which the mass transfer rate is proportional to
how far the adsorbed phase is away from equilibrium. This
model can be used to describe the surface barrier resistance
at the pore mouth of the micropore region.6,7,53 The LDF
model is expressed by

dn

dt
¼ kðn� � nÞ (27)

where n* is the adsorbed-phase concentration that would exist in
equilibrium with the fluid-phase concentration surrounding the
micropore region. The isotherm is linearized about the
equilibriumpoint as the perturbation is very small. Thus,we have

n� � n0 ¼ Kðc� c0Þ (28)

where K is the local slope of the isotherm. Taking the Laplace
transform and solving Eq. 27 for the adsorbed-phase
concentration n in micropores gives

�n ¼ k�n�

sþ k
(29)

The average amount of sorbate contained in the biporous
material, �̂n, is given by

�̂nðsÞ ¼ 3

Z1
0

3

Z1
0

x2�ndxþ ðep=qpÞ�c
2
4

3
5x2pdxp
¼ kK

sþ k
þ ep
qp

 !
�c ð30Þ

Thus, the adsorbed-phase transfer function Gn is given by

GnðsÞ ¼ �̂n
�P
¼ Kk

RTðsþ kÞ þ
ep

qpRT
(31)

Micropore diffusion

If micropore diffusion (MD) (or surface diffusion) is the
rate limiting step, then the rate law in spherical geometry is

@n

@t
¼ Ds

r2
@

@r
r2
@n

@r

� �
(32)

n ¼ n� at r ¼ rs (33)

@n

@r
¼ 0 at r ¼ 0 (34)

Note that a constant diffusion coefficient has been assumed,
which is justified for this linearized system. The solution for
this rate equation is given in the Laplace domain as

�nðs; xÞ ¼ �n�

x

sinhðx ffiffiffiffiffiffiffi
s=g

p Þ
sinhð ffiffiffiffiffiffiffi

s=g
p Þ (35)

where x ¼ r/rs and g ¼ Ds/r
2
s . We obtain the average loading

by integrating over the micropore region to give

~�nðsÞ ¼ 3

Z1
0

�nðs; xÞx2dx

¼ 3
�n�

s=g

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1

h i
ð36Þ

Figure 3. Idealized representation of bidisperse
materials.

Macroporous domain showing one of many microporous
domains.
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Considering adsorbate changes in both micropore and
macropore regions, for the linearized isotherm, the adsorbed
phase transfer function for biporous pellets is given by

GnðsÞ ¼ �̂n
�P
¼ 3K

RTs=g

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1

h i
þ ep
qpRT

(37)

Micropore diffusion with barrier resistance

If the constrictions at the microparticle surface (i.e., the
pore mouth) cannot be neglected compared with the micro-
pore diffusion resistance, we need a model that allows for a
simultaneous existence of micropore diffusion and surface
barrier resistances. The governing equation for the distribu-
tion of adsorbate is Eq. 32, and the boundary condition
imposed at the microparticle surface is

D
@n

@r

����
r¼rs

¼ kbðn� � nÞjr¼rs
(38)

where kb is the barrier resistance coefficient in m/s, and rs is the
crystal radius. Using the Laplace transform method to solve Eqs.
9, 11, and 15 for the adsorbed phase concentration, we obtain

�nðs; xÞ ¼ b�n�

x

sinhðx ffiffiffiffiffiffiffi
s=g

p Þ
ðbbm � 1Þ sinhð ffiffiffiffiffiffiffi

s=g
p Þ þ ffiffiffiffiffiffiffi

s=g
p

coshð ffiffiffiffiffiffiffi
s=g

p Þ
(39)

where bbm¼ kbrs/Ds, which is the ratio of the micropore diffusion
time scale to the surface barrier time scale. A large value of bbm
implies that the system can attain equilibrium rapidly at the
micropore mouth.6 This model reduces to the micropore diffusion
model when bbm approaches infinity or the LDF model when bbm
approaches zero. Integrating for the average concentration in a
biporous adsorbent, we obtain the adsorbed-phase transfer function

GnðsÞ ¼ �̂n
�P
¼ 3Kbbm

RT s=g

ffiffiffiffiffiffiffi
s=g

p
cothð ffiffiffiffiffiffiffi

s=g
p Þ � 1ffiffiffiffiffiffiffi

s=g
p

cothð ffiffiffiffiffiffiffi
s=g

p Þ þ bbm � 1
þ ep
qpRT

(40)

Macropore diffusion

For adsorption in micropores with the mass-transfer resist-
ance in the connecting macropores, the rate equation is

qp
@n

@t
þ ep

@cp
@t

¼ epDp

R2

@

@R
R2 @cp

@R

� �
(41)

cp ¼ c at R ¼ Rp (42)

@cp
@R

¼ 0 at R ¼ 0 (43)

If adsorption occurs immediately, then the adsorbed-phase
concentration is always in equilibrium with the pore concentra-
tion, i.e., n0 ¼ Kcp

0 . In terms of the nondimensional variable xp,
we obtain

@cp
@t

¼ Dp=R
2
p

qpK=ep þ 1

1

x2p

@

@xp
x2p

@cp
@xp

� �
(44)

Note that this equation has a similar mathematical form to the
micropore diffusion model. Thus, the analytical solution for the
macropore diffusion equation is similar to the result for micro-

pore diffusion given by Eq. 35. The average adsorbed amount
including adsorbate in both the micropores and macropores is

~�nðsÞ ¼ 3

Z1
0

ð�nðs; xpÞ þ ep=qpcpðs; xpÞÞx2pdxp

¼ 3ðK þ ep=qpÞ
Z1
0

cpx
2
pdxp

¼ 3ðK þ ep=qpÞ�c
s=gM

ð
ffiffiffiffiffiffiffiffiffiffi
s=gM

p
cothð

ffiffiffiffiffiffiffiffiffiffi
s=gM

p
Þ � 1Þ ð45Þ

where gM ¼ (Dp/R
2
p)/(qpK/ep þ 1). The adsorbed phase transfer

function is

GnðsÞ ¼ �̂n
�P
¼ 3ðK þ ep=qpÞ

RTs=gM
ð
ffiffiffiffiffiffiffiffiffiffi
s=gM

p
cothð

ffiffiffiffiffiffiffiffiffiffi
s=gM

p
Þ � 1Þ (46)

Combined macropore and micropore diffusion

For bidisperse materials, diffusion resistances exist in se-
ries for the macropore and micropore regions. The rate equa-
tions include two parts, one for micropores:

@n

@t
¼ Ds

r2
@

@r
r2
@n

@r

� �
(47)

@n

@r

����
r¼0

¼ 0 (48)

njr¼rs
¼ n�ðcpÞ ¼ Kcp (49)

and another for macropores:

q
@�n

@t
þ ep

@cp
@t

¼ epDp

R2

@

@R
R2 @cp

@R

� �
(50)

@cp
@R

����
R¼0

¼ 0 (51)

cpjR¼Rp
¼ c (52)

The solution for the adsorbed-phase concentration �n in
micropores is given by Eq. 35. The flux leaving the micro-
pore region is

@�n

@t
¼ 3Ds

rs

@n

@r

����
r¼rs

¼ 3Dsn
�

rs

ffiffiffiffiffiffiffi
s=g

p
coshð ffiffiffiffiffiffiffi

s=g
p Þ � sinhð ffiffiffiffiffiffiffi

s=g
p Þ

sinhð ffiffiffiffiffiffiffi
s=g

p Þ
(53)

Substituting Eqs. 35 and 53 into Eq. 50 and taking the
Laplace transform gives

gm�cp ¼
1

x2p

@

@xp
x2p

@�cp
@xp

� �
(54)

where

gm ¼ 3
qK
ep

Ds=r
2
s

Dp=R2
p

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1Þ

h i
þ s

Dp=R2
p

¼ 3bmM

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1Þ

h i
þ epbmM

qp K
s

g
ð55Þ
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with bmM ¼ (qpKDs/r
2
s )/(epDp/R

2
p). Applying the boundary

conditions, Eqs. 51 and 52, gives the general solution

�cpðs; xpÞ ¼ �c

xp

sinhð ffiffiffiffiffiffi
gm

p
xpÞ

sinhð ffiffiffiffiffiffi
gm

p Þ (56)

The total amount of sorbate contained in the biporous ma-
terial, n̂, is given by

�̂nðsÞ ¼ 3

Z1
0

�
3

Z1
0

�nðs; x; xpÞx2dxþ ep=qp

�
�cpðs; xpÞ

2
4

3
5

� x2pdxp ¼ 3l1l2�c ð57Þ
where

l1 ¼
ffiffiffiffiffiffi
gm

p
cothð ffiffiffiffiffiffi

gm
p Þ � 1

gm
(58)

l2 ¼ 3K

s=g

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1

h i
þ ep
qp

(59)

The adsorbed-phase transfer function for this case is

GnðsÞ ¼ �̂n
�P
¼ 3l1l2

RT
(60)

Combined macropore and micropore diffusion
with barrier resistance

With consideration of a barrier resistance existing at the
external surface of the microporous domain, the boundary
condition given by Eq. 49 is replaced by Eq. 38. Solving
Eqs. 47–51 and 38 gives

GnðsÞ ¼ �̂n
�P
¼ 3l1l

0
2

RT
(61)

l02 ¼
3bbmK
s=g

ffiffiffiffiffiffiffi
s=g

p
cothð ffiffiffiffiffiffiffi

s=g
p Þ � 1ffiffiffiffiffiffiffi

s=g
p

cothð ffiffiffiffiffiffiffi
s=g

p Þ þ bbm � 1
þ ep
qp

(62)

This is a general model that can be mathematically
reduced to previous models depending on the limits of bbm
and bmM. This is shown for all cases in the Appendix.

Nonisothermal LDF and micropore diffusion

Even though our flow-through experimental condition mit-
igates heat effects compared with traditional batch experi-
ments, the thermal effect can be an important factor in deter-
mining rate parameters. With large isosteric heats and slow
heat transfer, ignoring the thermal effects may lead to erro-
neous results.

Because the frequency response methods use only small
perturbations to the system, the adsorption equilibrium can
be considered linear about the initial steady state, giving

n� ¼ n�ðP0;T0Þ þ Kðc� c0Þ þ KTðT � T0Þ (63)

where K and KT are the slopes of the isotherm and isobar,
respectively. They are related through the Clausius-Clapeyron
type equation29

KT ¼ Kk
P

R2T3
(64)

Substituting Eq. 16 or 23 into the linearized isotherm (Eq.
63), putting the resulting equation into deviation variable
form, and taking the Laplace transform gives

�n� ¼ K�cþ KTGTðsÞ�n (65)

With knowledge of the temperature interference on load-
ings, we can combine Eq. 65 with adsorbed-phase material
balances to obtain the related transfer functions under noni-
sothermal conditions. For example, substituting Eq. 65 into
Eq. 27 gives the nonisothermal LDF transfer function

GnðsÞ ¼ �̂n
�P
¼ K

RTfs=k þ 1þ ½KTMsk=ðMsCs þ a=sÞ�g þ
ep

qpRT

(66)

with a being different for flow-through systems and batch
systems, defined as FinCp þ hA and hA, respectively.
Substituting Eq. 65 into Eq. 36, gives the nonisothermal
micropore diffusion transfer function29

GnðsÞ ¼ �̂n
�P
¼ 3Kl3

RT½1þ 3l3ðKTMsksÞ=ðMsCssþ aÞ� þ
ep

qpRT

(67)

with

l3 ¼ ðg=sÞ
ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1

� �
(68)

Typically, one or two of the internal rate processes con-
trols the mass transfer rate. We define the mass transfer
parameter as p for the main resistance, and the other resis-
tances can be expressed through the relative ratio b com-
pared with the main resistance. The five independent models
for isothermal conditions derived above are summarized in
Table 1 with the transfer function Gn and related mass transfer
parameters p and b.

Exact Solutions

Generally, substituting adsorbed-phase functions listed in
Table 1 into the overall transfer functions (Eq. 7 or 20)
and calculating the modulus with mathematical symbolic
manipulation software can give the amplitude ratio curves.
For some simple cases, such as isothermal LDF, micro-
pore, and macropore diffusion, the analytical solutions are
quite simple. These are listed in Table 2. The related
mass transfer parameters can be directly fitted from the
solutions.

Simulation Results and Discussion

The FR methods have the capability of extracting accurate
information for mass transfer mechanisms. Depending on the
relative time scales of the perturbation and the system intrin-
sic rate, the corresponding responses vary between two limit-
ing cases: adsorption equilibrium attained (with a much
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larger perturbation time scale compared with the system
mass transfer time scale) and essentially no adsorption
occurring (with a very short perturbation time scale com-
pared with the system mass transfer time scale).

To understand how systems respond to the mass transfer
resistances, we study a series of mass transfer resistances
theoretically, including individual resistances and their com-
binations, and we predict the corresponding response curves
as a function of the relative ratio of perturbation frequencies
to mass transfer rates within the range 10�3 to 105. We
consider an example case with system parameters given in
Table 3.

Figure 4a shows characteristic master response curves for
different mass transfer resistances for five isothermal cases
and two nonisothermal cases. The x-axis is the ratio of per-
turbation frequency to the mass transfer parameter p, which
is defined differently depending on the model as shown in
Table 1. The y-axis depends on the type of system with val-

ues corresponding to the modulus of |MsGn þ V/(RT)|. For
PSFR, it is the amplitude ratio j �F= �Pj divided by the fre-
quency, based on Eq. 7. For VSFR, it is the amplitude ratio
j �V= �Pj divided by RT/P0, based on Eq. 20. The corresponding
phase shift plot is shown in Figure 4b.

Depending on the adsorbed-phase transfer function Gn, the
response curves give distinctive differences for various
kinetic regimes. For a system having no adsorption on inert,
non-porous material (e.g., glass beads), the y-axis gives
extraparticle volume information, i.e., V/(RT). It is repre-
sented by the low dotted line in Figure 4a. For the limiting
situation of slow cycling, systems show the full equilibrium
capacity of the adsorbent to capture gases as represented by
the slope of the isotherm at the perturbation. From the plot,
all of the response ratio curves approach the value [(Ms(ep/qp
þ K) þ V)/RT] asymptotically for a relative ratio of x/p less
than 0.001. This means that systems stay near equilibrium
continuously if the perturbation time scale is 1000 times

Table 2. Exact Solutions for Amplitude Ratio Curves

Model Amplitude Ratio
PSFR: |F|/(x|P|); VSFR: (|V/P|/(RT/P0)

Iso: LDF
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Table 1. Adsorbed-Phase Transfer Function for Spherical Bidisperse Pellets
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larger than the system mass transfer time scale. The differ-
ence between this asymptote and the flat response curve of
no adsorption is comprised of two parts, gas adsorbed in
micropores [MsK/(RT)] and gas stored in macropores [Msep/
(qp/RT)]. Generally, the contribution from gas storage in
macropores is much smaller than that from adsorption in
micropores. For the example in the simulation, only 1.2% of
the capacity is in macropores. The difference between two
the response curves of adsorbate and inert gas gives the abil-
ity to obtain the equilibrium capacities for the system with-
out requiring additional isotherm measurements.35

For another limiting situation, with the perturbation time
scale much smaller than the time scale for mass transfer, the
amplitude ratio curves approach a plateau with essentially no
adsorption occurring. Depending on the mass transfer mech-
anisms, the plateaus can be different. For mass transfer resis-
tances only existing in micropore regions, the gas in both
the adsorbent macropores and the system volume can follow
the very fast perturbation. Thus, the value of plateau
includes both accessible macropore volume [Msep/(qpRT)]
and the system external volume [V/(RT)]. However, with
mass-transfer resistances existing in both macropore and
micropore regions, the gas can only follow the fast perturba-
tion in the system volume [V/(RT)]. Then, the amplitude
ratio curves approach the response curve on an inert, non-
porous material. It is apparent that the minimum relative rate
ratio (x/p) is above 10 for this situation. However, this rela-
tive ratio can be somewhat different depending on the con-
trolling mass-transfer mechanism.

Except for these two limiting situations of all response
curves having the same asymptotes, the response curves
from diverse mass-transfer mechanisms exhibit distinctive
shapes. It is clear from Figure 4a that the nonisothermal and
isothermal cases are easily separated. The two nonisothermal
cases, nonisothermal LDF, and nonisothermal MD show heat
interference in the low x-axis range. The curves have an
extra step compared with their relative isothermal models.
Also, two peaks are shown in the phase lag plot, Figure 4b,
for the nonisothermal model. This can be explained by the
coupling between heat and mass transfer to decrease the
mass uptake due to the temperature rise inhibiting adsorption
once pressure is increased, and the temperature drop reduc-
ing desorption once the pressure is decreased. With increas-
ing pressure perturbation frequency, the nonisothermal mod-
els approach isothermal models as the differential quantity
adsorbed approaches zero.

The micropore diffusion model with a mass-transfer
parameter of Ds/r

2
s and the macropore diffusion model with

a mass transfer parameter of Dp/R
2
p/(qpK/ep þ 1) are similar

as shown in Figure 4a. Both response curves have a long tail
between two asymptotes. The similarity is caused by their

analogous mathematical forms. The only difference is in the
asymptote for fast perturbation where the micropore model
shows a slightly higher asymptote compared with the macro-
pore model because of gas cycling in macropores.

For mass-transfer resistances in series, such as the micro-
pore with barrier resistance model and the combined macro-
pore and micropore resistance model, the response curves
move slightly to the left compared with individual mass
transfer resistances. This implies slower apparent mass-trans-
fer rates for the system caused by the extra mass-transfer
steps, as would be expected.

For systems with complicated mass-transfer resistances,
such as multiple mass transfer steps in series or combined

Figure 4. Comparison of characteristic curves from dif-
ferent mass transfer resistances.

(a) Amplitude ratio response curves, j �F= �Pj=x for PSFR by
Eq. 7 and j �V= �Pj=ðRT=P0Þ for VSFR by Eq. 20; (b) phase
lag response curves. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

Table 3. System Properties Used in Theoretical Study

System pressure (P) 1 bar
System volume (V) 4.2 � 10�5 m3

Temperature (T) 298.15 K
Isotherm slope 1 mol/(kg bar)
Particle density (qp) 760 kg/m3

Adsorbent mass (Ms) 0.002 kg
Macropore porosity (ep) 0.43
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mass and heat transfer resistances, the response curves are
dependent on more than one mass transfer rate parameter.
Figure 5 shows the response curves for the combined micro-
pore and barrier resistance model. The value of b gives the
relative ratio of the surface barrier and micropore diffusion
time scales. A small value of b is characteristic of a domi-
nant surface barrier resistance. With b decreasing from 10 to
1, the characteristic curve from the combined micropore and
surface barrier resistance model moves close to that of the
LDF model. On the contrary, with b increasing from 10 to
100, the time scale of the barrier resistance reduces to 100
times less than that for micropore diffusion, and the charac-
teristic curve for the combined micropore and surface barrier
resistance model moves close to that from the MD model,
which does not consider any surface barrier resistance.

For nonisothermal cases, the response curves are also
related with the heat-transfer coefficient a and isosteric heat
k. With an increasing isosteric heat or a decreasing heat
transfer coefficient, the heat interference becomes strong and
causes an obvious step in the response curves, as shown in
Figures 6 and 7. For systems with an isosteric heat less than
10 kJ/mol or systems with significantly large effective heat
transfer coefficients compared with mass transfer coefficients
(b [ 100), the corresponding curves from the nonisothermal
model are almost the same as for the isothermal case
because no significant temperature variations occur within
the system to influence the mass transfer steps. Figures 6
and 7 are shown for the LDF model, and similar trends are
observed for the MD model.

A more general model that considers both macropore and
micropore resistances combined with a barrier resistance pro-
vides a strong basis for analyzing rate information for com-
mon biporous materials, such as pelletized zeolites and metal
organic frameworks (MOFs). We consider this three resist-
ance model in three ways. First, we investigate the relative
importance for the two diffusivities, micropore and macro-

pore. Given the ratio of the micropore and macropore diffu-
sivity terms, bmM ¼ (Ds/r

2
s )(Kqp/ep)/(Dp/R

2
p), we simulate the

response curves by varying one of the diffusivities while
holding the other one constant. The results are shown in Fig-
ure 8a for a constant micropore diffusivity and in Figure 8b
for a constant macropore diffusivity, respectively. From both
figures, we find that micropore diffusion becomes dominant
when bmM is less than 0.1, and macropore diffusion is domi-
nant when bmM is larger than 100. For systems with an inter-
mediate bmM, both resistances can be important and contrib-
ute to the mass transfer process.

Figure 5. Effect of barrier resistance on characteristic
response curves.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 6. Effect of isosteric heat on characteristic
response curves.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 7. Effect of heat-transfer coefficients on charac-
teristic response curves (k in kJ/mol).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Second, we are interested in how the macropore porosity
ep affects the system performance. With increasing ep, more
adsorbate is captured in the macropores, and this contributes
to the maximum capacity of the system. Although a small
effect, when ep is large (e.g., ep � 0.9 as may exist for an
aerogel, xerogel, and possibly some MOFs), it is neverthe-
less apparent. Figure 9 shows the effect on the equilibrium
asymptote.

Lastly, we study multiple resistance effects on the bi-
porous model. The relative importance of a barrier resistance
and micropore diffusion is reflected by the value of bbm, and
the relative importance of micropore diffusion and macro-
pore diffusion is represented by bmM. In Figure 10, we simu-
late the response curves with bmM varying while bbm is
fixed. For a constant bbm, representing a set relative impor-

tance of barrier and micropore diffusion, increasing bmM

results in a strong macropore diffusion resistance. We can
see that the curves move to the left, which shows a slower
apparent mass transfer rate caused by inclusion of the mac-
ropore resistance. With different combinations of these two
parameters, bbm and bmM, the master curves show distinct
shapes and locations in Figure 10. Jordi and Do6,7 have car-
ried out an in-depth analysis for the volume perturbation
method and show the nondimensionized in-phase and out-
phase characteristic transfer functions for slab, cylindrical,

Figure 8. Comparison of relative importance of micro-
pore and macropore diffusivities for combined
macropore and micropore diffusion model.

(a) constant micropore diffusivity and (b) constant macro-
pore diffusivity. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Figure 9. Effect of macropore porosity on combined
macropore and micropore diffusion model.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 10. Effect of external film resistance on com-
bined macropore and micropore diffusion
model.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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and spherical geometries. Their results show distinct curves,
as do ours, for different degenerate models.

Experimental Examples

We have developed the master curves for different mass
transfer mechanisms as a function of the ratio of perturbation
frequency to system intrinsic rate. From an experimental
point of view, we perturb a system around equilibrium at
different frequencies, and the system responds depending on
its own intrinsic mass transfer rate. Thus, the master curves
can be inverted into a smooth family of curves as a function
of the rate parameters. In the following, we use published
data to demonstrate how to obtain mass transfer rates from
the models.

N2, O2, CH4, and CO2 on CMS

Mass-transfer rates for these four pure components have
been measured at 25�C and 1 bar using the PSFR method.
Detailed information is given elsewhere.31,35 Figure 11
shows the experimental data and the best fit for CH4, N2,
O2, and CO2. The two left curves, for CH4 and N2, are
described well by the LDF model, which accounts for the
barrier resistance at the pore mouth of CMS. The right curve
for CO2 is best described by the micropore diffusion model.
The response curve for O2, lying in the middle, is best
described by the combined resistance model with micropore
diffusion and barrier resistances. The controlling mass-trans-
fer mechanisms are consistent with molecular sizes. Among
these four gases, CH4 has the largest molecular size (	4 Å),
and N2 has the second largest (	3 Å). Thus, the mass-trans-
fer rates of these two molecules is limited by the size of the
pore window of the CMS (Takeda 3A). Both O2 and CO2

have smaller sizes (	2.8 Å) and less barrier resistance com-
pared with CH4 and N2.

Chloroethane on BPL AC

Mass-transfer rates have been measured for adsorption of
chloroethane on BPL activated carbon at 25�C and 0.1 atm
using the PSFR method.31 The sample weight was 5.37 g,
and V/RT was 0.00295 mol/bar for the experiment. The iso-
therm slope was 7.77 mol/(kg atm). The experimental data
and families of curves are shown in Figure 12. Helium data
are shown as open circles horizontally, with the y-axis giving
the value of V/RT. The chloroethane data are shown as filled
circles with a distinct two-step curve, which indicates heat
interference. The data have the same shape as the master
curve for nonisothermal micropore diffusion model with a
value for b of 9.5. A family of curves with different mass-
transfer rates can be developed from the master curve, as
shown in Figure 12, with slow rates shown on the left side
and fast rates appearing on the right side of the figure. Using
nonlinear regression, the intrinsic mass transfer rate is p ¼
Ds/r

2
s ¼ 8.1 � 10�3/s. Another way to obtain the mass-trans-

fer rate would be to locate the experimental response on the
y-axis of the master curve, then read the value of x/p from
the x-axis and calculate p given the experimental frequency.

CO2 on 5A powder

Onyestyák et al.54 studied the diffusion of CO2 on 5A
zeolite powder by VSFR. Figure 13a shows the frequency
response in-phase and out-of-phase characteristic functions
measured at 348 K and 0.0013 atm. We have shown how to
obtain the relative amplitude ratio from information on in-
phase and out-of-phase characteristic functions using Eq. 26.
The relative amplitude ratio curve is shown in Figure 13b
with the modulus corresponding to |(RTMs/V0)Gn þ 1|. Using
the various expressions for Gn in Table 1, the curve is best
described by the combined resistance model of micropore

Figure 11. Experimental data and simulation results for
N2, O2, CH4, and CO2 on CMS at 1 atm and
25�C using PSFR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 12. Experimental data and simulation results for
chloroethane on BPL AC at 0.1 atm and
25�C using PSFR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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diffusion and a barrier resistance with parameter values of
Ds/r

2
s ¼ 5.5 � 10�2/s and b ¼ 8.9, corresponding to a bar-

rier resistance coefficient of kb/rs ¼ Ds/r
2
s � b ¼ 0.49/s.

This result is consistent with the findings of Onyestyá et al.
They obtained a time constant for diffusion, defined as 1/(D/
r2), of 	100 s and a time constant for the barrier resistance
of about 0.4 s.

Argon on LSX zeolite

Bülow and Shen45 used the VSFR method to study
adsorption of argon on beads of a lithium-based, rare earth,
low silicon, X-type (LSX) zeolite. They obtained in-phase
and out-of-phase data, Kvdin and Kvdout, at 273 K and 0.026
atm. These are shown in Figure 14a, where they are
described by a diffusion model with an effective time con-

stant of te ¼ 8.29 s. Using our analysis, the response curve,
defined as j �V= �Pj=ðRT=P0Þ for the VSFR system, can be eas-
ily converted from the reported in-phase and out-of-phase
data to the amplitude ratio curve shown in Figure 14b. The
data are described by the diffusion model with D/r2 ¼ 0.12/
s, which corresponds to a time constant of te ¼ 8.29 s, which
is identical to the value obtained by Bülow and Shen.

Conclusions

We have developed a mathematical model and solved it
analytically for both flow-through and batch systems. The
model considers a variety of mass-transfer resistances acting
independently or in combination. Six isothermal solutions
have been formulated: linear driving force, micropore

Figure 13. Experimental data and simulation results for
CO2 on Lancaster 5A zeolite powder at 348
K and 0.0013 atm using VSFR.

(a) In-phase Kvdin and out-phase Kvdout characteristic func-
tions54; (b) amplitude ratio curves. [Color figure can be
viewed in the online issue, which is available at wiley
onlinelibrary.com.]

Figure 14. Experimental data and simulation results for
argon on LSX zeolite beads at 273 K and
0.026 atm using VSFR.

(a) In-phase Kvdin and out-phase Kvdout characteristic func-
tions45; (b) amplitude ratio curves. [Color figure can be
viewed in the online issue, which is available at wiley
onlinelibrary.com.]
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diffusion (surface diffusion), micropore diffusion combined
with a barrier resistance, macropore diffusion, and macro-
pore and micropore diffusion with or without a barrier resist-
ance. Heat effects have been considered for two cases, a
nonisothermal linear driving force and nonisothermal micro-
pore diffusion, and the related analytical solutions have been
developed. We have shown that amplitude ratio information
can be represented in a common form for both batch systems
subjected to volumetric perturbation and flow-through
systems with pressure swings.

Amplitude ratio curves have been simulated and compared
for distributed mass-transfer resistances. It is clear that FR
can discriminate among different mass-transfer resistances,
which are represented by master curves dependent on the
relative ratio of perturbation and system intrinsic rates. For
nonisothermal cases, response curves have an obvious addi-
tional step in comparison with the curves for isothermal
models.

Systems with more than one mass transfer resistance can
have more complicated response curves depending on the
relative ratio of controlling mass transfer resistances. The
curve shape changes with the value of b, which represents
the relative ratio of micropore diffusion to a barrier resist-
ance, combined macropore to micropore diffusion, and heat
to mass transfer coefficients. A large or small value of b
implies that one transfer resistance can be neglected. With
an intermediate value, the response curve moves to the left
in relation to the curve without the extra resistance, which
means the system has a slower overall mass transfer rate.

Examples, with pure N2, O2, CH4, and CO2 adsorbed on
CMS and chloroethane adsorbed on BPL activated carbon in
PSFR systems and CO2 adsorbed on 5A powder and argon
adsorbed on LSX zeolite beads in VSFR systems, demon-
strate how to use the general model and master curves to
extract mass transfer mechanisms and rates. The chloro-
ethane data have a two-step shape that is described well by
a nonisothermal micropore diffusion model. The master
curve easily converts to a family of curves for distinct mass-
transfer rates, with slow rates appearing on the left and fast
rates appearing on the right. This enables easy determination
of mass transfer rates directly from the location of the
curves. In-phase and out-of-phase data from VSFR can be
easily treated, and the general model can be applied identi-
cally to both PSFR and VSFR systems.

Notation

Cs ¼ heat capacity of a solid, J/(kg K)
Cp ¼ heat capacity of an ideal gas, J/(mol K)
c ¼ extraparticle fluid-phase concentration, mol/m3

cp ¼ fluid-phase concentration in macropores, mol/m3

Ds ¼ micropore diffusivity, m2/s
Dp ¼ macropore diffusivity, m2/s
Fin ¼ constant gas mass flowrate into system, mol/s
Fout ¼ gas mass flowrate through mass flow meter, mol/s
G ¼ transfer function for entire system
Gn ¼ transfer function for adsorbed-phase
h ¼ enthalpy, J/mol for fluid phase, J/kg for the stationary phase

hA ¼ heat-transfer parameter, J/(K s)
k ¼ mass transfer coefficient, s�1

kb ¼ barrier resistance coefficient, m/s
K ¼ local slope of isotherm, m3/kg
KT ¼ isobar

Kv ¼ equilibrium constant
Ms ¼ amount of adsorbent, g
l ¼ parameter used in Eqs. 58–62
n ¼ adsorbate concentration in micropore, mol/kg
n̂ ¼ total concentration in biporous adsorbent, Eq. 2, mol/kg
P ¼ pressure, bar
r ¼ distance along microparticle radius, m
rs ¼ microparticle radius, m
R ¼ distance along macroparticle radius, m; ideal gas constant, J/(mol

K)
Rp ¼ macroparticle radius, m
s ¼ complex argument in Laplace domain, s ¼ jx
T ¼ temperature, K
u ¼ internal energy, J/mol for fluid phase, J/kg for stationary phase
V ¼ volume of pressure-controlled region, m3

Greek letters

a ¼ lumped parameter [FinCp þ hA] or [hA]
b ¼ relative ratio parameter
ep ¼ macropore porosity
g ¼ parameter [Ds/r

2
s ]

gM ¼ parameter [Dp/R
2
p/(qpKep þ 1)]

gm ¼ parameter defined in Eq. 55
h ¼ fractional coverage of adsorption sites
x ¼ frequency, Hz
k ¼ heat of adsorption, kJ/mol
d ¼ in-phase and out-of-phase response function
/ ¼ phase lag
q ¼ density, kg/m3

Superscripts
0 ¼ deviation variable
* ¼ equilibrium state
� ¼ Laplace domain

Subscripts

o ¼ equilibrium (mean) state
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Appendix: Degenerate Forms of the
General Model

The general model with three resistances described in Eqs.
61 and 62 can be reduced to the one or two resistance mod-
els in limiting cases of the parameters bbm and bmM, which
are defined as relative ratios of the resistances. The general
model is written

GnðsÞ ¼ �̂n
�P
¼ 3l1l

0
2

RT

l1 ¼
ffiffiffiffiffiffi
gm

p
cothð ffiffiffiffiffiffi

gm
p Þ � 1

gm

l02 ¼
3bbmK
s=g

ffiffiffiffiffiffiffi
s=g

p
cothð ffiffiffiffiffiffiffi

s=g
p Þ � 1ffiffiffiffiffiffiffi

s=g
p

cothð ffiffiffiffiffiffiffi
s=g

p Þ þ bbm � 1
þ ep
qp

gm ¼ 3bmM

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1Þ

h i
þ epbmM

qp K
s

g
ðA1Þ
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Micropore-macropore diffusion

The criteria for validity of this model is bbm ! 1. This
gives

l02 ¼
3bbmK
s=g

ffiffiffiffiffiffiffi
s=g

p
cothð ffiffiffiffiffiffiffi

s=g
p Þ � 1ffiffiffiffiffiffiffi

s=g
p

cothð ffiffiffiffiffiffiffi
s=g

p Þ þ bbm � 1
þ ep
qp

¼ 3K

s=g

ffiffiffiffiffiffiffi
s=g

p
cothð ffiffiffiffiffiffiffi

s=g
p Þ � 1

1þ ð ffiffiffiffiffiffiffi
s=g

p
cothð ffiffiffiffiffiffiffi

s=g
p Þ � 1Þ=bbm

þ ep
qp

!bbm!1 3K

s=g

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1

h i
þ ep
qp

¼ l2 ðA2Þ

from which follows Eqs. 58–60.

Macropore diffusion

The criteria for validity of this model are bbm ! 1 and
bmM ! 1. The Taylor series expansion for coth z is

coth z ¼ 1

z
þ z

3
þ Oðz3Þ (A3)

With bmM ! 1 and the definition of bmM, we obtain g ¼
Ds/r

2
s ! 1 and s/g ! 0. Furthermore, gm can be simplified

with Eq. A3 to give

gm ¼ 3
qK
ep

Ds=r
2
s

Dp=R2
p

ffiffiffiffiffiffiffi
s=g

p
cothð

ffiffiffiffiffiffiffi
s=g

p
Þ � 1Þ

h i
þ s

Dp=R2
p

!bmM!1
3
qK
ep

Ds=r
2
s

Dp=R2
p

ð1=
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s=g

p
þ
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s=g

p
=3Þ

ffiffiffiffiffiffiffi
s=g

p
� 1

h i

þ s

Dp=R2
p

¼ s

Dp=R2
p

qpK

ep
þ 1

� �
ðA4Þ

l2, defined in Eq. 59, can be further reduced to

l2 !bmM!1 3K

s=g

ffiffiffiffiffiffiffi
s=g

p 1ffiffiffiffiffiffiffi
s=g

p þ
ffiffiffiffiffiffiffi
s=g

p
3

 !
� 1

" #
þ ep
qp

¼ K þ ep
qp

(A5)

Substituting Eq. A5 into Eq. A1 gives the micropore-mac-
ropore Gn described by Eq. 46.

Micropore diffusion

The criteria for validity of this model are bbm ! 1 and
bmM ! 0. With the limitation of bbm ! 1, we derive the
micropore-macropore model shown in Eq. A2. Substituting

bmM ! 0 into gm, we have gm ! 0. Thus, l1 defined in
Eq. 58 can be further reduced to

l1 !bmM!0
ffiffiffiffiffiffi
gm

p ð1= ffiffiffiffiffiffi
gm

p þ ffiffiffiffiffiffi
gm

p
=3ÞÞ � 1

gm
¼ 1=3 (A6)

Combining with Eq. A2, we obtain the micropore diffu-
sion model shown in Eq. 37.

Micropore-barrier diffusion

The criteria for validity of this model is bmM ! 0. We
substitute Eq. A6 into the general model to give the micro-
pore-barrier resistance model described by Eq. 40.

LDF

The criteria for validity of this model are bmM ! 0 and
bbm ! 0. With bbm ! 0 and the definition of bbm, we
obtain g ¼ Ds/r

2
s ! 1 and s/g ! 0. Substituting bbm ¼

kbrs/Ds into Eq. 40 and simplifying gives

GnðsÞ !s=g!0 3Kkb=rs
RT s

� 1

1þ ðkbrs=DsÞ=½
ffiffiffiffiffiffiffi
s=g

p ð1= ffiffiffiffiffiffiffi
s=g

p þ ffiffiffiffiffiffiffi
s=g

p
=3Þ � 1� þ

ep
qpRT

¼ 3Kkb=rs
RT s

1

1þ ð3kb=rsÞ=s ðA7Þ

For the barrier resistance existing at the entrance of the
micropore, we have

d~n

dt
¼ 3

r3s

Zrs
0

Ds

r2
@

@r
r2
@n

@r
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r2dr

¼ 3

rs
Ds

@n

@r

����
rs

¼ 3

rs
kbDn ðA8Þ

With the barrier resistance described by the LDF
model, the relationship between the barrier resistance kB
and the LDF coefficient k is k ¼ 3kb/rs. Substituting this
relationship into Eq. A7 gives the LDF model shown in
Eq. 31.
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